Abstract It is shown that the system of the form x + V'(x)= p(t) with periodic V and p and with (p) = 0 is near-integrable for large energies In particular, most (in the sense of Lebesgue measure) fast solutions are quasipenodic, provided Ve C <5> and p£L\ furthermore, for any solution x(t) there exists a velocity bound c for all time |x(f)|<c for all l e R For any real number r there exists a solution with that average velocity, and when r is rational, this solution can be chosen to be periodic 1 Introduction The result of this note states that any system consisting of a particle in a penodic potential subject to penodic external forcing possesses KAM ton, physically corresponding to quasipenodic translational motion The only assumptions are the C
Introduction
The result of this note states that any system consisting of a particle in a penodic potential subject to penodic external forcing possesses KAM ton, physically corresponding to quasipenodic translational motion The only assumptions are the C (5) smoothness of the potential and the zero average of the forcing In particular, forcing need not be small This note was stimulated by J Franks' extension of the PoincareBirkhoff theorem to the case when the boundaries of the annulus are noninvanant This extension was proven and applied (the latter in collaboration with Moeckel and Robinson) in [5] to the conservative pendulum with penodic forcing
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where p( t +1) = p( t), to show that penodic solutions of any rational rotation number exist The standard version [2] of the Poincare-Birkhoff theorem may not seem applicable in this case since no annulus with invanant boundaries is available a pnon We will show that such boundanes actually do exist, using Moser's invariant curve theorem [8] , [13] , [16] We will look at the systems of the form
x+V'(x) = p(t), V(x+l)=V{x), p(t+\) = p(t)
describing the motion of a particle in a penodic potential with external periodic forcing p{t) This could be a simple model of an electron in an atomic lattice subject t Supported by AFOSR and NSF
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to a periodically varying potential, or of charge-density waves [6] We will show that the associated Poincare map F (x, x), =o i-* (x, x), = 1 of the phase cylinder (x mod 1, x) onto itself possesses noncontractible invariant circles The results are stated fully in § 2 We mention a related result by Zehnder and Dieckerhoff [3, 4] on the existence of KAM circles for the particle in a superquadratic potential
with lower coefficients a,(t) periodic in t The superquadratic nature of the potential provided the twist needed to apply KAM In the case at hand, the twist is provided by a different effect, essentially, by the shear in the (x, x)-plane whose physical manifestation lies in the obvious fact that the faster particles travel further The invariant circles on the phase torus turn out to be approximately straight for large energies, this eliminates the need of a preliminary change into action-angle variables, making the proofs simpler than in the superquadratic case (3) We mention also the earlier results by Jacobowitz and Struble [9] and by Hartman [7] , where the superquadratic nature of the potential was used to apply the PoincareBirkhoff theorem to prove the existence of periodic solutions in a class of systems of the form (3) Applying a recent result of Herman [8] on the existence of invariant curves for C (3) -small perturbations of the twist maps, one can lower the smoothness assumption to Ve C <4) , at the expense of replacing the Diophantine condition on w by the requirement that w be of constant type One also loses the statement on the relative measure of invariant circles Each such invariant circle sweeps out an invariant torus in the extended phase space {(x mod 1, x, t mod 1)} = S 1 xRx S 1 Each orbit on such a torus is quasipenodic with basic frequencies 1 and <o + k.
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Physically, these orbits correspond to quasipenodic rotations with average angular velocity a) + k, or to quasipenodic translations (in the potential well interpretation) with the average speed w + k The basic frequencies of the quasipenodic solutions are 1 and w + k.
The existence of invariant circles implies at once the following COROLLARY 1 Any solution of (2) is bounded in the phase cylinder {(x mod 1, x)} = S 1 x R, in other words, any solution of (2) 
(t + q) = x(t) + q
A note added in proof After this paper had been submitted I learned that Jurgen Moser had proved a similar statement for a more general equation x+ W x (x, t) = Q with W x periodic in both arguments, satisfying the exactness condition Jolo W x (x, t) dxdt = 0 and smooth enough [17] Moser's proof is based on a vanational approach, the proof given in the present note is different-it is based on the application of Moser's invariant curve theorem [13] The proof given here carnes over almost verbatim to the more general case when the dependence on x and t is not separate The argument requires, however, the differentiability in t as well, as it does in [ 17] , it suffices to assume V e C (5) (R 2 ) In the special case (2) no smoothness in / is assumed 3 Proof We will show that F is an exact map of the cylinder which is C 
The idea of the proof is to show that for high angular velocities the effect of periodic potential averages out to zero To prove (6) and (6a) we let z(f) = z(t, s,, s 2 ) be the solution of (4) 
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Proof of Lemma 1 We show that the solution z(t, z 0 ) stays in the tnangle defined by (9) during 0< r< 1 by proving first that z(t, z 0 ) cannot leave through the sloped sides 
Second, the top boundary of the tnangle defined by (9) 
Proof of Corollary 3 The idea of the proof is simple if x(t) had changed linearly with time, the integral in question would have been zero Since x(t) changes near-hnearly by Lemma 1, the integral should be small To make this rigorous, we choose x as the independent variable, obtaining Proof of Corollary 4 The idea of the proof is similar to the one above The added ingredient (implicit in our analytic argument) is the fact that g changes slowly with respect to x(t) so that the integrand averages out to near-zero over one full 27r-rotation of x With h(x)= V a "(x), we have, choosing x as the independent variable |J>"*HJ>'«'»*HJ.' 
